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Abstract 

The main purpose of this paper is to give a general regularity result 
for Cauchy-Riemann equations in complex Banach spaces with totally 
real boundary conditions. The usual elliptic L''-regularity results hold 
true under one crucial assumption: The totally real submanifold has to 
be modelled on an I/^'-space or a closed subspace thereof. 

Secondly, we describe a class of examples of such totally real subman- 
ifolds, namely gauge invariant Lagrangian submanifolds in the space of 
connections over a Riemann surface. These pose natural boundary con- 
ditions for the anti-self-duality equation on 4-manifolds with a boundary 
space-time splitting, leading towards the definition of a Floer homology 
for 3-manifolds with boundary, which is the first step in a program by 
Salamon for the proof of the Atiyah-Floer conjecture. The principal part 
of such a boundary value problem is an example of a Banach space valued 
Cauchy-Riemann equation with totally real boundary condition. 



1 Introduction 

A complex Banach space is a Banach space X equipped with a complex struc- 
ture, i.e. J G EndX that satisfies = — 1. The Cauchy-Riemann equation for 
a map m : ^ X on a domain SI C with coordintes (s, t) is dgU -^- Jdtu = 0. 
We will also study the equation with an inhomogeneous term on the right hand 
side. As in the finite dimensional case, totally real boundary conditions are 
natural for this Cauchy-Riemann equation. A Banach submanifold C <Z X is, 
called totally real with respect to the complex structure J if for all a; G £ one 
has the direct sum decomposition 

X = T^C®JTxC. 

Let C HI be a compact 2-dimensional submanifold in the half space 

H := {{s,t) e R2 I ^ > 0}. 
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i.e. has smooth boundary that might intersect dM = {t = 0}. We will 
consider Cauchy-Riemann equations for maps u : fl ^ X that satisfy totally 
real boundary conditions on the boundary part dQCidM. Fix an inhomogeneous 
term G : CI ^ X , a family J : ^ EndX of complex structures on X, and let 
£ C X be a Banach submanifold that is totally real with respect to Js^t for all 
(s, t) G fl. Then we study the following boundary value problem fov u : fl ^ X, 



The Cauchy-Riemann equation itself is linear, but for the linearization of this 
boundary value problem one has to linearize the boundary conditions. So fix 
a path X -.R ^ C, then we will also study the Cauchy-Riemann equation with 
linearized totally real boundary conditions for m : f2 — > X, 



In this case, there also is a weak formulation of the boundary value problem. 
We denote by X* the dual space of X and denote by J* E EndX* the dual 
operator of the complex structure J G EndX. Then the weak formulation of 
(2) for u : f2 ^ X is 



for all V e C^{n,X*) with suppV' C intfi and ^p{s,0) G (J(s, 0)T^(s)£)^ for 
all (s, 0) G dfl n dM. In order to obtain regularity results for any of the above 
boundary value problems we make the following crucial assumption. 

(Hp) Throughout we suppose that the totally real submanifold C C X is as a 
Banach manifold - modelled on a closed subspace Y C Z of an L^-space 
Z = if(M,R™) for some p > 1, m G N, and a closed manifold M. 

To show that this assumption still allows £ to be modelled on a wide variety 
of Banach spaces, we give the following examples. 

ExEimple 1.1 

(i) Every finite dimensional space is isometric to the subspace of constants 
in if (M,M'") for VolM = 1. 

(ii) The Sobolev space W^'^{M) (and thus every closed subspace thereof) is 
isomorphic to a closed subspace of LP{M,M."^) . 

To see this, choose vector fields Xi, . . . ,Xk G r(TM) that span T^M for 
all X G M. Then the map u ^ [u, VxiW, . . . , V^f^w) running through all 
derivatives of u in the direction of the Xi up to order I gives an isomor- 
phism between W^'P{M) and a closed subspace of Lp{M,W") =: Z. 



{ 



dgU + Js,tdtu = G, 

u{s,o)gC y{s,o) edctndm. 



(1) 




(2) 
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(Hi) Finite products of closed subspaces in LP{Mi,M.™*) are isometric to a 
closed suhspace o/ L^dJ M„ M™^^{™*>). 

Our first main tiieorem gives regularity results and estimates for solutions 
of (1) depending on the regularity of the inhomogeneous term in the Cauchy- 
Riemann equation. Here and throughout the interior of f2 is defined with re- 
spect to the topology of H, so int O still contains fl dM. We use the notation 
N = {1,2,...}. 

Theorem 1.2 Fix 1 < p < oo and a compact subset K c intO. Let jC C X be 
a Banach submanifold that satisfies (Hp). 

(i) Fix fc G N and let 

P ■,ifk>2, 
\2p ■,ifk = l. 

Suppose that u G W'''i{n,X) solves (1) for G G and with a 

family J G W^*^+^'°°(f2, EndX) of complex structures on X, with respect 
to which C is totally real. Then u G W'^+^^p{K,X). 

(ii) Let Jo G C°°(r2, End X) be a smooth family of complex structures on X, 
with respect to which £ is totally real. Let uq G C°°{n,X) be such that 
uo{s, 0) G £ for all (s, 0) G fl dM. Then there exists a constant S > 
with the following significance: For every constant c and for every A: G N 
there exists a constant C such that the following holds: If u, G, and J 
satisfy the hypotheses of (i) and 

\\U - Uo\\L°o(a,x) < II J - Jo||L~(0,EndX) < 

\\J - ^o||lV'=+i.oo(n,EndX) < C, 

then 

\\u - Uo\\w>'+^-P{K,X) ^ ^"(1 + l|G||tyfc,5(n,X) + II'" - '«o||vK''.9(0,X))- 

Firstly note the special form of this theorem for fc = 1 (for k > 2 one has 
q = p). If u and G arc VF^'^-regular, then one can only deduce H^^' 2 -regularity 
of u due to nonlincarities introduced by the coordinates. Moreover, this requires 
the assumption {Hr) that C is modelled on an L 2 -space. 

Secondly, note that the uq in (ii) satisfies the Lagrangian boundary condition 
but is not a solution of the Cauchy-Riemann equation. It will be required as 
reference for the construction of coordinates near C that straighten out the 
boundary condition but do not depend on the solution u and hence allow to 
deduce an estimate for u. In order that the constant in the estimate becomes 
independent of the complex structure J, this construction moreover requires 
that J is C''-close to a fixed family Jq of complex structures. The W'^^^'°°- 
bound on the complex structure is only required in order to obtain uniform 
constants. 
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Moreover, for fixed fc 6 N in theorem 1.2 it would actually suffice to have 
W'^"'"^'°°-regularity of uq and Jq. For the interior regularity and estimates it 
even suffices to have W^'^'°°-regularity and bounds on J since one does not need 
to write u in coordinates that are adapted to the boimdary condition and hence 
depend on J. This is the same situation as in the finite dimensional case, c.f. 
[MS]. Finally, the submanifold £ need only be totally real with respect to Js,t 
for (.s,t) G 90 n dM. Since this is an open condition, it is then automatically 
totally real in a neighbourhood of 90 fl dM. 

The second main result concerns the linearized boundary value problem (2). 
We use its weak formulation to state the following regularity result. 



Theorem 1.3 Fix 1 < p < oo, a compact subset K c intO, and a Banach 

submanifold C C X that satisfies {Hp). Fix a path x e W^'°°{M., C) in £ and 
let J G W^'°°{fl,EndX) be a family of complex structures on X, with respect 
to which C is totally real. Then there is a constant C such that the following 
holds: 

Suppose that u £ U'{Vl,X) and that there exists a constant c„ such that for 
alii) eW'^'°°{VL,X*) mi/isuppV' C into andip{s,Q) e ( J(s, 0)T^(s)£)-L /or all 
(s,0) G 90n9H 



Jn 



w, 9,^ + 9* (J»> 



Lp*(o,j(:*)- 



Thenue W^'P{K,X) and 

Mw^ PiK.X) < C{cu + ||M||LP(n,X))- 

For strong solutions of the linearized boundary value problem (2) the more 
suitable formulation of theorem 1.3 is the following estimate. 



Corollary 1.4 In the setting of theorem 1.3 there exists a constant C such that 
the following holds: Suppose that u G W^'P{Q,,X) satisfies ^(5,0) G T^f^g-^L for 
all (s, 0) G 90 n 9E1, then 

\\u\\w^.p(K,x) < C{\\dsu + Jdtu\\LP{n,x) + \\u\\Lp{n,x))- 

A first application of the above results is the elliptic theory for anti-self-dual 
instantons with Lagrangian boundary conditions. It is developed in [W2] , where 
theorem 1.2 is used to obtain nonlinear regularity and compactness results, 
whereas theorem 1.3 enters in the Fredholm theory. Since the Fredholm theory 
is performed on a special compact model domain, we make the following remark. 

Remark 1.5 Theorem 1.3 and corollary 1.4 remain true when R is replaced by 
S^, i.e. when one considers compact domains K C intQ C x [0,oo) in the 
half cylinder and a loop x G C°°{S^,C). 
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To see this, identify = R/Z, identify K with a compact subset K' C M 
in [0,1] X [0,00), and periodically extend x and u for s € [—1,2]. Then u is 
defined and satisfies the weak equation on some open domain O' c HI such that 
K' C int n', so theorem 1.3 and corollary 1.4 apply. These assert regularity and 

estimates on K' and hence also on K. 

We now proceed to describe a class of examples, to which the above regularity 
theory for the Cauchy-Riemann equation can be applied. 

A symplectic Banach space {Z, oj) consists of a Banach space Z and a sym- 
plectic structure lo, that is a nondegenerate,^ skewsymmetric, bilinear form 
u) : Z X Z —>■ M. In the finite dimensional case there always exists an to- 
compatible complex structure J G End Z, i.e. a complex structure such that 
u}{-, J-) defines a positive definite inner product on Z. In the case of an infinite 
dimensional Banach space this is not necessarily true. If an w-compatible com- 
plex structure exists, then the norm on Z that is induced by the inner product 
will be bounded but not necessarily complete. The completion of Z with re- 
spect to that norm is then a complex Hilbert space. In the example below, this 
Hilbert space will always bo the same - only the complex structure varies. 

Our example of a symplectic Banach space will be the space of connections 
over a Riemann surface E. We restrict the discussion to the trivial G-bundle over 
S, where G is a compact Lie group. ^ Then the space of L^-regular connections 
is given by the L^-regular 1-forms with values in the Lie algebra g of G. We 
denote this space 

^O'P(S) = Lf(S;T*S®fl). 

(For more details on gauge theory and the notation see section 3 and [Wl].) For 
p>2 the Banach space ^^'^'(E) is equipped with the symplectic structure 

toia,f3)= J {aAf3) Va, /? G (S; T*S ® g). (3) 

Moreover, for p > 2 the gauge group g^'P{T,) = W^'P{T,, G) acts on A°'P{T,) by 

u*A = u-^Au + u-^du VA G (S), m g a^'^(S). 

This gauge action leaves co invariant. So throughout we assume p > 2. Now 
for any metric on E, the Hodge * operator induces an w-compatible complex 
structure on ^'''^(E). The associated inner product is the L^-inner product of 
0- valued 1-forms, and the completion of ^°'^(S) with respect to the induced 
norm is always //^(E, T*E (g) g). 

We call a Banach submanifold C C {A^'P{'S),uj) Lagrangian if it is isotropic, 
i.e. uj\c = 0, and if T^£ is maximal for all A G C. By the latter we mean that 
for all a G ^°'^(E) the following implication holds: 

V/3 G TajC ij{a, /?) = a G TaC. 

^Nondegeneracy means that for all z £ Z \ {0} there exists a,y & Z such that ui{z, y) 7^ 0. 
^The discussion directly generalizes to nontrivial bundles, where the connections can be 
described as 1-forms with values in an associated bundle. 
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In section 3 we will introduce the space of weakly flat LP-connections ^jj!^(S). 
In particular, we prove that every weakly flat connection is gauge equivalent to 
a smooth connection. Then we shall show in section 4 that a gauge invariant 
Lagrangian submanifold of A'^'^{T,) that also satisfies C C .4f[.^^(S) is automati- 
cally totally real with respect to the Hodge * operator for any metric on E, i.e. 
for all A e £ 

Moreover, such Lagrangian submanifolds satisfy the assumption (Hp) for theo- 
rems 1.2 and 1.3. The assumptions of gauge invariance and flatness also ensure 
that the Lagrangian submanifold C descends to a Lagrangian submanifold in 
the (singular) symplectic manifold Me = Al-i^^(T,)/Q^'P(T,), the moduli space 
of gauge equivalence classes of flat connections. The latter can be viewed as 
symplectic quotient, as was first observed by [AB]. Note that both Me and the 
quotient C/Q^-p(T,) are allowed to have singularities. These do not enter the 
discussion since we will be working in the total space. 

Now a pseudoholomorphic curve u : Cl ^ Me with Lagrangian boundary 
conditions on dQ D dM lifts to a solution B:f2xS— >T*S0gof the boundary 
value problem 

Fb=0, 

dsB + *dtB=dB^ + *dB'i', (4) 

B\isfi)^^ec yis,o)ednndm. 

Here $, : x S ^ g are determined by the solution B. For given <l>, the 
above boundary value problem without the first equation is a Cauchy-Riemann 
equation with totally real boundary conditions as studied in this paper. 

Changing the first equation in (4) to *Fb = dt^ — dg'if + \E'] leads to the 
the anti-self-duality equation for the connection A = $ds + ^dt + B on O x S 
with Lagrangian boundary conditions, 

I ^|(.,o)xE e /: V(s,0) G517n5H. ^""^ 

This boundary value problem arises naturally from the Chern-Simons 1-form 
on a 3-manifold Y with boundary S : This 1-form becomes closed and it is 
in fact the differential of the (multivalued) Chern-Simons functional, when it is 
restricted to the space A{Y, C) of connections AonY with Lagrangian boundary 
conditions A|e € C Now the gradient flow lines of the Chern-Simons functional 
are just the solutions of (5) in a special gauge. 

It is a program by Salamon [S] to use the boundary value problem (5) to 
define a Floer homology HF'J^^*(y, L) for 3-manifolds Y with boimdary dY = E 
and Lagrangian submanifolds L = £/Q^'P(Y^) C Mj^, i.e. a generalized Morse 
homology for the Chern-Simons functional on A{Y,C). As a first indication 
for the wellposedness of (5) we prove in corollary 4.5 that every T4^^'P-regular 
connection satisfying the boundary condition in (5) can be approximated by 
smooth connections satisfying the same boundary condition. The elliptic theory 
for the definition of this Floer homology is set up in [W2] , where the regularity 
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theorems 1.2 and 1.3 play a crucial role. Another approach to the definition 
of a Floer homology for 3-manifolds with boundary was introduced by Fukaya 
[F]. This also uses Lagrangian boundary conditions, but the construction is re- 
stricted to the case of nontrivial bundles, in which case the quotient £/^^'^(S) 
is smooth. 

Finally, a concrete example of a totally real submanifold in a complex Banach 
space is given in lemma 4.6. Let S = dY be the boundary of a handle body Y 
and consider the L^-closure of the set of smooth flat connections on S that can 
be extended to a flat connection on Y, 

Cy := d{A e ^flat(S) I 3A e Afie.t{Y) : i|E = A} c ^O'P(S). 

This is a Lagrangian submanifold and it is gauge invariant and contained in the 
space of flat connections, so as above it also is totally real with respect to the 
Hodge operator as complex structure. 

These submanifolds occur in the Atiyah-Floer conjecture for homology 3- 
spheres as follows; A Hcegard splitting Y = Yq Us Yi of a homology 3-sphcre 
Y into two handlebodies Yq and Yi with common boundary S gives rise to two 
Lagrangian submanifolds jCvi C A^'^{T,) in the space of SU(2)-connections. One 
then has a symplectic Floer homology llF^J'^^{Mj2, Lyo, Ly^) for the quotients 
Ly^ := £v'./S^'^(S) C Ms. (This is generated by the intersection points of 
the Lagrangian submanifolds and the boundary operator arises from counting 
pseudoholomorphic strips with Lagrangian boundary conditions, i.e. solutions 
of a boundary value problem like (4).) It was conjectured by Atiyah [At] and 
Floer that this should be isomorphic to the instanton Floer homology HF'"^*(y), 
the generalized Morse homology for the Chern-Simons functional on the space 
of SU(2)-connections on Y. Now the program by Salamon [S] is to establish 
this isomorphism in two steps via the intermediate HF™^*([0, 1] x E, Lyq x Ly^) 
by adiabatic limit type arguments similar to [DS2]. These adiabatic limits will 
again require elliptic estimates for boundary value problems including a Cauchy- 
Riemann equation with totally real boundary conditions as studied in this paper. 

This paper is organized as follows: In section 2 we prove theorems 1.2 and 
1.3 and corollary 1.4. Section 3 is of preliminary nature: We introduce the 
notion of a weakly flat connection, prove the fundamental regularity result for 
weakly flat connections, and discuss the moduli space of flat conections over a 
Riemann surface. Section 4 deals with gauge invariant Lagrangian submanifolds 
in the space of connections. We establish their basic properties and prove the 
approximation result mentioned above. Moreover, we show that the Cy are 
indeed examples of Lagrangian and totally real submanifolds. 

I would like to thank Dietmar Salamon for his constant help and encourage- 
ment in pursueing this project. 
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2 Regularity 



In this section we prove the regularity theorems 1.2, 1.3, and corollary 1.4. Let 
17 C H bo a compact 2-dimensional submanifold of the half space. Consider 
a Banach space X with a family J : O ^ End X of complex structures. Let 
£ C X be a Banach submanifold that satisfies {Hp), i.e. it is modelled on a 
closed subspace Y ^ Z oi an L^-space Z = LP{M,M."^) for some p > 1, to G N, 
and a closed manifold M , and suppose that C is totally real with respect to all 
Js,t for (s, t) € r2. Then we consider maps u : O — > X that solve the boundary 
value problem (1), restated here: 



The idea for the proof of theorem 1.2 is to straighten out the boundary condition 
by going to local coordinates inYxY near u{s,0) S X such that Y x {0} 
corresponds to the submanifold C and the complex structure becomes standard 
along Y X {0}. For theorem 1.3, concerning the linearization of (6), one chooses 
R-dependent coordinates for X that identify Y x {0} with Tx(^g^C along the 
path a; : M — > £. Then the boundary value problem (6) or its linearization 
yields Dirichlet and Neumann boundary conditions for the two components of u 
and one can use regularity results for the Laplace equation with such boundary 
conditions. 

However, there are two difficulties. Firstly, by straightening out the totally 
real submanifold, the complex structure J becomes explicitly dependent on u, 
so one has to deal carfully with nonlinearities in the equation. Secondly, this 
approach requires a Calderon-Zygmund inequality for functions with values in 
a Banach space. In general, the Calderon-Zygmund inequality is only true for 
values in Hilbert spaces. However, due to the assumption that £ is modelled 
on an L^-space, we only need the L^-inequality for functions with values in L^- 
spaces. In that case, the Calderon-Zygmund inequality holds, as can be seen 
by integrating over the real valued inequality. This will be made precise in the 
following lemma, in which (i),(iii) are regularity results for the homogeneous 
Dirichlet problem and (ii),(iv) concern the Neumann problem with possibly 
inhomogeneous boundary conditions. In (i),(ii) the minimum regularity of u is 
p^i.p _ in ii^Q case of lower regularity one has to use the weak formulation in 
(iii), (iv). We abbreviate A := d*d and denote by v the outer unit normal to 
dil. We write Z* for the dual space of any Banach space Z and write ( •, • ) for 
the pairing of Z and Z* . The Sobolev spaces of Banach space valued functions 
considered below are all defined as completions of the smooth functions with 
respect to the respective Sobolev norm. Moreover, we use the notation 




(6) 
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Lemma 2.1 Fix 1 < p < oo and fc S N and let n be a com,pact Riemannian 
manifold with boundary. Let Z = Lp{M) for some closed manifold M . Then 
there exists a constant C such that the following holds. 

(i) Let f e Z) and suppose that u e Z) solves 

[(u,Ai,)=[{f,i,) yi,ecr{^,z*). 

Jn Jn 
Then u e W''+'^^P{n, Z) and \\u\\wk+i.p < C\\f\\wk-i,p. 

(ii) Let f G W^-'^'P{n,Z), g e W''^P{n,Z), and suppose that u G W'''P{n,Z) 
solves 

[{u,Ai,)=[{f,i;)+[ (5,V> V^GC(n,Z*). 
Jn Ja Jan 

Then u G W''+'^'P{Q, Z) and 

||w||^^fe+i,p < C(||/||^fc-i,p + II^IIh^^.p + ||w||lp)- 

(Hi) Suppose that u G L^(n, Z) and there exists a constant c„ such that 



u ■ AnV 



OxM 



Then u G ^^'^(O,^) and ||w||vFi.p(a,z) < Ccu. 
(iv) Suppose that u G Lp{Q.,Z) and there exists a constant c„ such that 



u ■ AqV 



< c„||V||vKi.P-(n,z«) VV' G Cr(f^ X M). 



/nxM 

Then u G Z) and 

ll'"lllVi.p(J2.Z) < C{cu + ||w||lp(0,Z))- 

If moreover J^^u = then in fact ||u||vj/i p(o,Z) !i Ccu- 

The key to the proof of (i) and (ii) is the fact that the functions / and g can 
be approximated not only by smooth functions with values in the Banach space 
LP{M), but by smooth functions on O x M. 

Lemma 2.2 Let Cl be a compact manifold (possibly with boundary), let M be a 
closed manifold, let 1 < p,q < oo, and k,i gNq- Then the following holds. 

(i) C°°{n X M) is dense in I^^'P(M)). 

(ii) A function u G VF'^''(f2, W^''p{M)) with zero boundary values u\dn = can 
be approximated by u" G C°°(Q x M) with u^jgoxM =0. 
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(in) If ip > dimM and z e M, then a functAon u € W''''' in,W'^^P{M)) with 
u{-,z) = e W'''''{^) can be approximated by u" G C°^{Vt x M) with 
u''{-,z) = 0. 

Proof of lemma 2.2: 

Wc first prove (i). By definition C°°(f7, W'^'P{M)) is dense in VK'='«(f7, W'^'P{M)). 
So we fix g e {n,W'^^P{M)) and show that in every W''^'^{n,W'^'P{M))- 
neighbourhood of g there exists a, g G C°°(il x M). Firstly, we prove this in the 
case fc = for closed manifolds M as well as in the following case (that will be 
needed for the proof in the case fc > 1): M = M", g is supported in il x V" and g 
is rcqiiired to have support in fix U for some open bounded domains V, [/ C K" 
such that V C U. 

Fix S > 0. Since O is compact one finds a finite covering i7 = IJ^^ Ui by 
neighbourhoods Ui of G SI such that 

\\g{x) - g{xi)\\we,P{M) < I Va; G Ui. 

Next, choose gi G C°°(M) such that \\gi — .g(a;i)[|vi/«,p(M) ^ f • In. the case 
M = M" one has supp g{xi) C V and hence can choose gi such that it is 
supported in U (e.g. using mollifiers with compact support). Then choose a 
partition of unity X^ili </'i = 1 by (^ij G C°°{Cl, [0,1]) with supp^j C f/j. Now 
one can define g eC°°{n x M) by 

N 

g{x, z) := (j)i{x)gi{z) Vx G ri, z G M. 

i=l 

In the case M = M" this satisfies suppg cil x U as required. Moreover, 

11^ ~ S'lli5(Q_v^f,P(M)) ~ / \\^i=l^ii9i ~ 9)\\xYe,p(^M) 

< / (Eili?^i-sup^e(7. ||fifi-5(a;)|U«.P(M))' 



< I 5" = 5«Vom. 



Thus we have proven the lemma in the case A; = 0. For fc > 1 this method does 
not work since one picks up derivatives of the cutoff functions t^j. Instead, one 
has to use mollifiers and the result for fc = on M = R". 

So we assume A; > 1, fix 5 G C°°(l^, VF^'P(M)) and pick some ^ > 0. Let 
M = UiLi be an atlas with bounded open domains Ui C M" and charts 

^i'.Ui^ M. Let C C U^ be open sets such that still M = IJ^^^ ^i{Vi). 
Then there exists a partition of unity Y!Li V"* ° = 1 by S C°°(R", [0, 1]) 
such that suppV'i C V^. Now g = Yld^i 9i°^^^n x ^i^) with 

9i{x,y) = i>^{^|) ■g{x,^i{y)) Va; G G U^. 
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Here g,, e C°°(f^, is extended by outside of supp^^ C x V^, 

and it sufSces to prove that each of these functions can be approximated in 
W'''iifl,W^'P{W)) by Qi e C°°(0 X M") with suppg^ c fl x Ui. So drop the 
subscript i and consider g E C°°(n, W^'''''(R")) that is supported inflxV, where 
V,U C R" are open bounded domains such that V CU. 

Let <7e{y) = s~"'a{y/e) be a family of compactly supported moUifiers for 
£ > 0, i.e. a e C°°(M", [0, oo)) such that suppa C Bi(0) and Ja = 1. Then for 
all e > define g^ eC°^{nx M") by 

ge{x, y) := [a^ * g{x, ■)\{y) Va; € ^^,^/ € M". 

Firstly, suppa^ C ^^(O), so for sufficiently small e > the support of g^ lies 
within Q.xU. Secondly, we abbreviate for j < k, m < £ 

hm := V^aV^nff G C°°(f},i7(M")), 

which are supported uiQ.xV. Then 
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llSe -5ll^..,(n,iv..p(Rn)) = X / \\^'ii{'^^*9{x-,-)- 9{x.,-))\ 

<(£ + 1)pXX / Ike -/j,m(a;,-)||lp(R„) 

Now use the result for A; = on M = M" (with values in a vector bundle) to 
find fj^m G C°°(f2 X M") supported mVlxU such that 

||/j,TO ~ fj,m\\Li(n,LP{W^)) < ^• 

Then for all x G and sufficiently small e > the functions * fj,m{x, ■) are 
supported in some fixed bounded domain U' C M" containing [/. Moreover, the 
fj^m are Lipschitz continuous, hence one finds a constant C (depending on the 
fj^mi i-G- on g and (5) such that for all a; € 



I^E * fj^mix, •) fj,m{x, oil rpfRn 



i:,p(R") 

p 



< 



/ / (^e{y' -y){fj,m{x,y')- fj,m{x,y))d'^y' 

Ju' Jm" 

( <^e{y'-y) sup |/j,m(a;,y') -/j,m(a;,y)|d"y')V2/ 
JC/' ^JM." \y-y'\<s ' 



<\o\U'{CeY. 

Now use the fact that the convolution with is continuous with respect to the 
L^-norm, * f\\p < \\f\\p (see e.g. [Ad, Lemma 2.18]) to estimate 



11 



^Il'^'e * fj,m{x, •) fj,m{x, ■)||iP(R»i) 

— ^(ll^^ * (/j'"*^^' ') ~ fjf'^^^i ')) lli:,p(M»') ||/7i'n(^' ■) ~ fj,mix, ■)||j;,p(Rn) 

II ~ ~ II 

+ ll^e * fj,m{x, ■) — fj^m{x, ') || i:,p(Rn) j 

< 2 . 3«||/,-,„ - /i,,„HL(^,^p(R„)) + 3« Vom (Vol[/)i((7£)« < 3 • S-'J". 
Here we have chosen < e < C~^(Volf2)~« (Voli7)~p S. Thus we obtain 
\\9e - 9\\w^.in,w^.PiRn)) < 3(^ + l)HHk + !){£+ 1))^ ^. 

This proves (i). To show (ii) one first approximates in C°°{Q,W^'P{M)) with 
zero boundary values and then mollifies on M as in (i) as follows. 

In case fc = the boundary condition is meaningless, but the approxima- 
tion with zero boundary values can be done elementary by cutting off in small 
neighbourhoods of the boundary. For fc > 1 consider a local chart of fl in 
[0, 1] X K" such that {t = 0} corresponds to the boundary, where t denotes 
the [0, l]-coordinate. Let / e W'''i{[0, 1] x R", Z) for any vector space Z with 
f\t=o = and compact support. Let be mollifiers on K" as above, then 
f^{t,-) := (Te * f{t,-) defines fe G C~(R", VF'='«([0, 1], Z)) for ah e > 0. One 
checks that ||/e — /||vr'=.<!([o,i]xR") — > as £ ^ 0. We choose the CTe with com- 
pact support, then the are also compactly supported and hence have finite 
W'='«([0, 1], W'^'«(M"))-norm for any £ G N. Moreover, note that still fe\t=o = 0. 
In order to approximate fe with zero boundary values one chooses £ = k, then 
(i) gives a smooth approximation cf dje in the Vy'°^^'''([0, 1], VK'^'''(M"))- 
norm. Now f^{t, x) := /J g^ir, x)dT defines functions in C°°([0, 1] x M", Z) that 
vanish at t = and approximate /g in the W^'^''([0, 1], W'=''(M"))-norm, which 
is even stronger than the VF'^^'^-norm on [0, 1] x R". 

Finally, to prove (iii), we choose an approximation by u" € C°°{Q x M). 
Then u'^{-,z) ^ in H^'^'5(f2) since the evaluation at 2; is a continuous map 
W^'P{M) R. Now u" - u''{-,z) e C°°(fi X M) still converges to u in 
W^^'i(n, W^'P{M)) but it vanishes at z. □ 

In the case q = p lemma 2.2 provides the continuous inclusion 

W'''P{n,W^^P{M)) C W^^P{M,W'''P{^1)) 

since the norms on these spaces are identical.^ Moreover, ior p = q and k = £ — 
the lemma identifies LP{n,LP{M)) = LP{nxT,) as the completion of C°° (17 xM) 
under the L^'-norm. 



^The spaces are actually equal. The proof requires an extension of the approximation 
argument to manifolds with boundary. We do not carry this out here because we will only 
need this one inclusion. 
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Proof of lemma 2.1 (i) and (ii) : 

We first give the proof of the regularity for the inhomogeneous Neumann prob- 
lem (ii) in full detail; (i) is proven in complete analogy - using the regularity 
theory for the Laplace equation on M-valucd functions with Dirichlet boundary 
condition instead of the Neumann condition. 

Fix / e g e W^'P{Q.,Z), and let f\g' € C°°(0 x M) be 

approximating sequences given by lemma 2.2. Testing the weak equation with 
ip = a for all a & Z* implies /q / + Jqq g = and thus := + Jq^ 5* — > 
in Z as i ^ 00, so one can replace the /* by /' — h^/YolO, G C°°{M,Z) to 
achieve 

/ f{;y)+ [ 9\;y) = o yyeM,ieN. 

Jn JdQ 

Now for each y e. M there exist unique solutions u^{-,y) G C°°(0) of 

AM*(.,y) = .r(-,y), 

For each of these Laplace equations with Neumann boundary conditions one 
obtains an ^''-estimate for the solution, see e.g. [W2, Proposition A.l] and [Wl, 
Theorem 3.1] for the existence. The constant can be chosen independently of 
y G M since it varies continuously with y and M is compact. Then integration 
of those estimates yields (with different constants C) 

II'" llH"=+i.P(n,Z) ^ llw= + i'P(J2) 

< / C'(ll/'llw"=-i.p(n) + llfi'lw"=.i'(n))^ 
Jm 

^ C'(||/'||iy*=-i.p(a,z) + ||5liyfc>p(a,z))^- 

Here one uses the crucial fact that LP{n, LP{M)) C ^^(M, LP{n)) with identical 
norms. (Note that this is not the case if the integrability indices over fl and M 
are different.) Similarly, one obtains for alH,j G N 

II'"' - Wwk+i.PiQ^z) <C!{\\f - \\w>'-^'P{n,z) + lis' - 9^ \\w'''P{n,z))- 

So w' is a Cauchy sequence and hence converges to some u G W''~^^'P{Q, Z). 
Now suppose that u G W'''P{il, Z) solves the weak Neumann equation for / and 
g, then we claim that in fact u = ft + c G W^^^'P{Q., Z), where c G is given by 

In order to see that indeed c G Lp{M) = Z and that for some constant C 

one has ||c||2,p(m) < C(II^^IIlp(o,z) + II^*IIlp(J2.z)) note that lemma 2.2 yields the 
continuous inclusion W'''P{n, Lp[m)) C LP{M,W'''P{n)) C LP{M,L^{n)). To 
establish the identity u = u + c, we first note that for all (p G C°°{M) c Z* 

{u + c — u,(j))= / (j) ■ (c — {u — u)] = 0. 
Jn Jm ^ Jn ' 
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Next, for any (j) e C°° {fl x M) let 



1 



30 := 



e C°°{M). 



Then one finds ip € C^{^ x M) such that </> = A^itp + (pQ. (There exist unique 
solutions il>{-,y) of the Neumann problem for (j}{--,y) — ^o{y), and these depend 
smoothly on y e M.) So we find that for all ^ e C°°{fl x M), abbreviating 
Ao = A 

/ {u-u - c, (p) = I {u, Alp ) - / ( u + c , Alp ) + / {u-u- c, (po) 

= hm f /(/-A«\ V)+ / {9-^,^P))=0. 
VJji Jan / 

This proves u = u + c £ W'^+^'*'(f2, and the estimate for u* yields in the limit 

||w||^^fe+i,p(Q^2) < ll'"llw"'+i.p(Q,z) + (Voin)p ||c||j:,p(m) 

< C'(ll/llw"'-i.p(n,z) + ]\!)\\w'<:P(n,z) + ||w||i,p(a,z))- 
This finishes the proof of (ii), and analogously of (i). □ 



Proof of lemma 2.1 (iii) and (iv) : 

Let u G LP{Q,Z) be as supposed in (iii) or (iv), where Z = Lp{M) and thus 
Z* = LP'{M). Then we have u & Lp{Q. x M) and the task is to prove that 
dau also is of class on O x M. So we have to consider Jq^^u ■ d^r for 
T e C^{n X M,T*n) (which are dense in Lp' {fl x M,T*0)). In the case (iii) 
one finds for any such smooth family r of 1-forms on f2 a smooth function 
tp G C^{^ X M) such that d^r = Aqi/;. Then there is a constant C such that 
for all y G M (see e.g. [W2, Proposition A.l] 

< C||AaV(-,y)||(i^i..)* < C\\T{;y)\\p,. 

In the case (iv) one similarly finds tp S C^{^ x M) such that d^r = AqiP and 
y)!!^! ?' — Ikl'i ?-/) lip* fo'" all y G M and some constant C. (Note that 
dfjT = since r vanishes on x M and we have used e.g. [Wl, Theorems 
2.2,2.3'].) In both cases we can thus estimate for all r G CJ^(0 x M, T*f2) using 
the assumption 







jQxM 






< t 



u ■ Antp 



nxM 



< Co, 



M 



M 



lLp*(n) 



< Cc„||r||j;,p»(QxM)- 



Now in both cases the Ricsz representation theorem (e.g. [Ad, Theorem 2.33]) 



asserts that /j 



■ = Iqxm / • for all T with some / G 1/(0 x M). This 



proves the X^-regularity of dnu and yields the estimate 

||dnu||Lf(nxM) < Ccu- 
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In the case (iii), one can moreover deduce u\gQ = 0. Indeed, partial integration 
in the weak equation gives for all ip S (Q x M) 

/ u-^ = f «-AaV - / (dnM,dnV) 
JanxM JnxM Juxm 

< (c„ + ||dnM||ip(oxM))IIV'llH'i'P*(OxM)- 

For any given g G C°°{dn x M) one now finds V S C°°{n x M) with V-lan = 
and ^ = g, and these can be chosen such that H^'llvr^'P* becomes arbitrarily 
small. Then one obtains Jqq^j^^ ug = and thus u\gn = 0. Thus in the case (iii) 
one finds a constant C" such that 



ll"llvFi'P(0,Z) 

'M Jm 



which finishes the proof of (iii). 

In case (iv) with the additional assumption J^u = one also has a constant 
C such that ||w(-, y)||vFi'»'(n) < C''||dau(-, i/)||Lp(n) for all y e M and thus 

ll'"llwi.p(a,z) < G'\\<inu\\LP(^axM) < C'Cc„. 
In the general case (iv) one similarly has 

Mw^.Hn,z) = l|dnu|lip(nxM) + II^'IIlp(Oxm) ^ {Ccu + \\u\\LP(^n,z)Y ■ 

□ 

The proof of theorem 1.2 will moreover use the following quantitative version 
of the implicit function theorem. This is proven e.g. in [MS, Proposition A. 3. 4] 
by a Newton-Picard method. (Here we only need the special case xo = xi = 0.) 

Proposition 2.3 Let X and Y he Banach spaces and let U C Y be a neigh- 
bourhood of 0. Suppose that f : lA ^ X is a continuously differentiable map 
such that do/ : Y ^ X is bijective. Then choose constants c > ||(do/)~^|| and 
6 > such that Bs{0) C U and 

||d,/ - do/11 < Vyei?,(0). 

Now if 11/(0)11 < then there exists a unique solution y € Bs{0) of f{y) = 0. 
Moreover, this solution satisfies 

\\y\\<2c\\fm\- 

Proof of theorem 1.2 : 

Let Zq G C and let Jo G End X be a complex structure with respect to which £ is 
totally real. Choose a Banach manifold chart </> : F — > £ from a neighbourhood 
y C F of to a neighbourhood of ^(0) = zq- Then one obtains a Banach 
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submanifold chart oi C d X from a neighbourhood W C K x K of zero to a ball 
Bs{zo) d X around zq, 

{vi,V2) I > (j){vi) + JoAvi(f>{v2)- 

To see that this is indeed a difTeomorphism for sufficiently small W and £ > 
we just check that D := d(o,o)0 = do0 © JoAocj) is an isomorphism. This is 
since do0 : Y ^ zqC- is an isomorphism and so is the map T^„£ x T^^/I X 
given by the splitting X = Tzo^ © -^o T^o£. The size £ > of the chart can be 
quantified by proposition 2.3 as follows. For the maps f = Q — x:VxV^X 
one finds constants c = ||-D~^|| and 5 > independently of a; G X such that 
^5(0) C y X y and 

||d,/ - do/ll = ||d,e - doOII < ^ Vy G BM. 

Then for \\x — zo^ < ^ =: £ one obtains a unique y = 0~^(a;) in Bs{0). 

Next, if one replaces zq and Jq hy z £ C and a complex structure J G EndX 
in sufficiently small neighbourhoods of zq and Jq respectively, then one still 
obtains a Banach submanifold chart 6 : W — > -6^(2;) with 6(0) = z. Here W 
varies with (z, J), but one can choose a uniform £ > 0. This is since one can find 
uniform constants c and 6 in proposition 2.3. (The map Q varies with z via the 
chart map (()z : V ^ £, v (j){(f)~^{z) + v) that is defined for sufficiently small 
V and that satisfies (f)z{0) = z.) Moreover, one obtains the uniform estimate 

\\Q-\x)\\zxz < C\\x - z\\x yxGB,{z). (7) 

(Recall that y is a closed subspace of the Banach space Z, so the norm on Y is 
induced by the norm on Z.) 

Now consider a solution u G W'''i{n,X) of (1) for some G G VF'='«(n,X) 
and J G W^'=+i'°°(r2,EndX) as in theorem 1.2 (i). Fix any (so,0) G K and let 
z = u{so, 0) G C Then the above construction of the coordinates O can be done 
for all J = Js,t with {s,t) G ?7 for a neighbourhood U C O of (sqjO). Thus one 
obtains a W^'^+^'°°-family of chart maps for (s, t) G U, 

es,t -.YxYd W,,,t ^ B.izs^t). 

Recall that u is either of class W^''^^ or of class W'^'^ with k > 2 and p > 1. 
On the 2-dimensional domain O, the Sobolev embeddings thus ensure that u is 
continous. So on a possibly even smaller neighbourhood U of {sq, 0) the map u 
can be expressed in local coordinates, 

u{s,t) = e,,t{v{s,t)) y{s,t)GU, 

where v G W''''^{U, Z x Z). This follows from the fact that the composition of 
the T/K'^+^'°°-map 8^^ with a W^'^'''-map u is again VK'^'''-rcgular ii kq > 2 (see 
e.g. [Wl, Lemma B.8]). Moreover, v actually takes values inW<zYxY. 
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In order to obtain the estimate in (ii) , the map O has to be constructed inde- 
pendently of u and J, using the fixed uq and Jq. In that case let Zg^t '■= 1*0(3, 0), 
which is welldefined on a small neighbourhood U of (so)O) G K c intO. Then 
the coordinates 0,,.j arc defined for all (.s,t) G U and for all complex structures 
in a sufhciently small neighbourhood of Jo(sO)O). In particular, Qg^t is defined 
for all J = Js,t with (s,i) G U, provided that J G End!x) satisfies 

the assumption || J — Jo11l=» < f^- Here one again makes sufficiently small choices 
of U and 6 > 0. Thus one obtains a VF'°+^'°°-family of chart maps &s,t as above 
that now also satisfy the uniform estimate (7) for all (s, t) G U, where the con- 
stant C only depends on uq and Jq. Now in order to again express u in local 
coordinates, choose U even smaller such that uo{s,t) G B^ixo) for all {s,t) G i7 
and let ^ < |. Then every u G W''''^{il, X) that satisfies — uo\\L°°{n^x) < 
can be written u = Qo v as above. Now integration of (7) together with the fact 
that all derivatives of up to order k are bounded (due to the VF'^'°°-bound 
on J) yields the estimate 

\\v\\w'''i{U,ZxZ) ^ - '"ollvK''.9(C/,X)- 

Here and in the following C denotes any constant that is independent of the 
specific choices of J and u in the fixed neighbourhoods of Jo and uo, however, 
it may depend on c and k. 

In the coordinates constructed above, the boundary value problem (6) now 
becomes 

dgv + Idtv = f, 
V2{s,0)=0 Vsg: 

with V = (wi, W2) and 



(8) 



f ^ {d,e)-^{G ~ dgOiv) - Jdt@{v)) G W'''^U,YxY), 
/=(d^e)-Vd„e e W'''''{U,End{Y xY)). 

Note the following difficulty: The complex structure / now explicitly depends on 
the solution v of the equation (8) and thus is only H^'^'^-regular. This cannot be 
avoided when straightening out the Lagrangian boundary condition. However, 
one obtains one more simplification of the boundary value problem: O was 
constructed such that one obtains the standard complex structure along £. 
Indeed, for all (s, 0) gU using that = -1 

/(s,0) = (d(„^,o)6)"Vd(„,,o)6 = (d„,0© Jd^i(/))"V(d^i0© Jd^i0) 

1 ) - 

Moreover, in case (ii) one has the following estimates on U : 

[/llT^fc,, < C, 
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So for every boundary point (sq, 0) <E K Ci dM wc have rewritten the boundary 
value problem (6) over some neighbourhood U d fl. Now for the compact set 
K C fl one finds a covering K C V U lJi=i by finitely many such neigh- 
bourhoods Ui at the boundary and a compact domain y C \ dQ away from 
the boundary. Note that the Ui can be replaced by interior domains Ui (that 
intersect dUi only on dM) that together with V still cover K. We will establish 
the regularity and estimate for u on all domains Ui near the boundary and on 
the remaining domain V separately. So firstly consider a domain Ui near the 
boundary and drop the subscript i. After possibly replacing f7 by a slightly 
smaller domain one can assume that U is a manifold with smooth boundary 
and still U (1 dU C dW. The task is now to prove the regularity and estimate 
for u = Q ov ontj from (8). 

Since Qs,t Y y. Y ^ X are smooth maps in M^'^"'"^'°°-dependence on 
{s,t) e U, it suffices to prove that v € W'^^^'P{U ,Z x Z) with the accord- 
ing estimate. (One already knows that v takes values - almost everywhere - 
in y X y, so one automatically also obtains v G W''~^^''p{U,Y x Y).) For that 
purpose fix a cutoff function h G C°°(IHI, [0, 1]) with h = 1 on U and h = on 
H \ ?7. Moreover, this function can be chosen such that dth\t=o = 0. Note that 
ft, = on dU \ dM, so hv2 satisfies the Dirichlet boundary condition on dU. 
Indeed, we will see that hv2 G W'''P{U, Z) solves a weak Dirichlet problem. 

In the following, Y* denotes the dual space of Y and we write ( •, • ) for both 
the pairings between Y and Y* and between Y x Y and Y* x Y* . We obtain 
A = -(^ds+dtr){ds-l*dt)+{dtl*)ds-{dj*)dt for/* G W'''''{n,End{Y* xY*)) 
the pointwise dual operator of /. Thus for all (j) G C°°{Cl, Y* xY*) 

hA(l> = -{ds + dtHids - I*dt){h<p) - {Ah)cj> + 2(5,/i)a,(/. + 2{dth)dtcl) 

+ {dti*)ds{H)-{dsi*)dt{H). 

Hence (8) and partial integration (for smooth approximations of v, f, I) yields 
Ju 

= [ {d,v + idtv, {d,-rdt){h<p)) 

Ju 

- f { {Ah)v + 2{dsh)dsv + 2{dth)dtv + h{dtI)dsV - hidj)dtv , 0) 
Ju 

+ f {Iv,{ds-I*dt){hcP)) + {h{dsI)v-2{dth)v,<j>) 

JdUndM 

= [ {h{-dj + idtf + {dti).f -{dti)dsv + {dj)dtv) 

Ju 

- {Ah)v - 2{dsh)dsv - 2{dth)dtv , (j)) 

+ [ {h-if,<i})+ [ {v , dtiH)) + {iv , d.iH)) 

Jdundn Jdundn 

= f{F,<P)+f {H,4^)+ f {vi,dtih^i)+ds{h^2)). (9) 

Ju JdU JdUndM 
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This uses the notation <f> = (0i,02), the boundary condition W2|t=o = 0, and 
the fact that I\t=Q = Iq. One then reads oS F = (i^i, F2) € W''-'^'P{U, Y x Y), 
H = {Hi,H2) G W'''P{U, Y X Y), and that in case (ii) for some constants C 

\\F\\^Yk-i,p + \\H\\y^^k,p < C(\\f\\^^k,q + \\I\\w''''i\\f\\w>'-9 + ll^llvy^.? Il^llw"".?) 
< C(||G||vi^i.,, + ||m - uoWyyk,,). 

We point out that the crucial terms here are {dsl)dtv and {dtI)dsV. In the case 
fc > 3 the estimate holds with q = p due to the Sobolcv embedding W''~^'P ■ 
p^/c-i,p ^ yyk-i.p^ the case k = 1 one only has L^P-L'^p ^ LP and hence one 
needs g = 2p in the above estimate. In the case k = 2 the Sobolev embedding 
W^>p.W^>p ^ W^'P requires^ > 2. Let us make this assumption for the moment 
and finish the proof of this theorem under the additional assumption p > 2 in 
case k = 2. Then after that we will show how an iteration of the theorem for 
the case k = 1 will give the required W^^'^'-regularity of {dsl)dtv and {dtI)dsV 
also in case 1 < p < 2. (Note that this would follow from l^^'^-regularity of u 
for any p > 2.) 

Now in order to obtain a weak Laplace equation for V2 we test the weak 
equation (9) with (j) = ((?!)i,02) = (0,7r o tjj) for tjj e Cg°(U,Z*) and where 
TT : Z* ^ Y* is the canonical embedding. In that case, both boundary terms 
vanish and one obtains for all ip G Cg°{U, Z*) 

[ (hv2,Ai;}= [ (F2, V')- 
Ju Ju 

By lemma 2.1 (i) this weak equation for hv2 G W'''P{U, Z) now implies that 
hv2 e W''+'^'P{U,Z) and thus V2 G W''+'^'P{U,Z). Moreover, one obtains the 

estimate 

||l'2||vyfc+i,p(i/_2) < \\hV2\\w''+'''P{U,Z) < C:\\F2\\w''-^.P{U,Z) 

^ C{\\G\\yyk,g(^Q^x) + \\u - uo\\w''-i(n,x))- 

To obtain a weak Laplace equation for fi we test the weak equation (9) with 
(j) = (^1,^2) = (tt o ^,0), where ip G C°^{U,Z*) such that dtil^\t=o = 0. This 
makes the second boundary term vanish, so we obtain for all ip G C^{U, Z*) 

[ (toi, A^)= [ {F,,i,)+ [ {Hi,ij). 
Jn Jn Jon 

So we have established a weak Laplace equation with Neumann boundary con- 
dition for hvi. Now lemma 2.1 (ii) implies that hvi G W'''^^'^{U, Z), hence 
Vi G W''~^^'P{U , Z). Moreover, one obtains the estimate 

lki|lvyfc+i,p(i/,z) < \\hv\\wi'+^'P{u,z) 

< (^{\\Pl\\w^'-'^•p{u,z) + \\Hl\\w''-PiU,Z) + \\hVi\\w''.P{U,Z)) 

^ C^{\\G\\wi'.i(n,x) + \\u - wo||w"=.<!(a,x))- 
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This now provides the regularity and the estimate for u = Qov onU as foUows. 
We have estabhshed that v : IJ Z x Z is a, W^'^+^'^'-map that takes values in 
W CY xY. All derivatives of © : O x W ^ X up to order A; + 1 are uniformly 
bounded on O. Hence u e W'^+'^'P {U , X) and 

\\u - uo\\wk+i.p^u,x) ^ + 

< C(l + ||G||iy'=,<!(a,x) + ll" - uo\\w'',<nn,x)) ■ 

For the regularity of u on the domain F C O \ dfl away from the boundary one 
docs not need any special coordinates. As for U, one replaces 17 by a possibly 
smaller domain with smooth boundary. Moreover, one chooses a cutoff function 
h e C°°(H, [0, 1]) such that h\v = 1 and that vanishes outside of O C H and in 
a neighbourhood of dil. Then in the same way as for (9) one obtains a weak 
Dirichlet equation. For ah (p G C^{n,X*) 

[ {hu,A(l>)= [ { h{-dsG + JdtG + {dtJ)G - {dtJ)dsU + {dsJ)dtu) 
Jn Jn 

- {Ah)u - 2{dsh)dsu - 2{dth)dtu , </>). 

Note that X = YxYcZxZ also is bounded isomorphic to a closed 
subspace of an L^'-space. So by lemma 2.1 this weak equation implies that 
hu G W''+^'P{Q,X), and thus u G W''+'^'P{V,X) with the estimate 

<C{l + \\G\\wi'.i{Q,x) + \\u - wo||vr'=.<i(n,x))- 

(Note that here it suffices to have a W*^'°°-bound on J.) Thus we have proven the 

regularity and estimates of u on all parts of the finite covering K C ^^UlJ^j^ Ui. 
This finishes the proof of the theorem under the additional assumption p > 2 
in case k — 2. 

Finally, let u G W^'PiQ, X) and G G W^^P{n, X) be as assumed for 1 < p < 2. 
Then the task is to establish T4^^'P-regularity and -estimates for somep > 2. This 
follows from the following iteration. 

One starts with W^^'^'''(Oo)-regularity and -estimates for pQ = p e (1,2) on 
rip = ^- (In case p = 2 one chooses a smaller value for p.) Now as long 
as Pi < < 2 and fi^ C H is compact one has the Sobolev embeddings 

W'^'P{n) ^ W^'^i^i) and W^'P^{n,) L^(r2,). So choose a compact 
submanifold fli+i C H such that K C intfii+i and fli+i C intfii. Then the 
theorem in case k = 1 with p replaced by i^^^ gives regularity and estimates 
in W^'P'+^ (Qi+i) for p^+i = 2^^- One sees that the sequence (pi) grows at a 
rate of at least > 1 until it reaches p^ > after finitely many steps. A 
further step of the iteration with pN = then gives W^'^"^+i-regularity and 

-estimates with pn+i = > 2 on fiAr+i := K. This is exactly the regularity 
for u that still was to be established. □ 
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Proof of theorem 1.3 : 

The Banach manifold charts near the path x : M. ^ £, give rise to a W^'°°- 
path of isomorphisms (f)s : Y T^(^g^£ for all s e M. Together with the 
family of complex structures J G W^'^{il,EndX) these give rise to a family 
9 g Vl^i'°°(n,Hom(y X Y,X)) of bounded isomorphisms 



Y xY ^ X 

(zi,Z2) I > (f)sizi) + Js,t4's{z2)- 



The inverses of the dual operators of Os j give a family of bounded isomorphisms 

e' eW^ °°{Tl,RoTJi{Y* xY*,X*)) , 

&'s,t ■■= (©:,*)"' : Y*xY* ^ X*. 
One checks that for all {s,t) G fl 

e-lJs,tes,t = (i"o) =■■ G End(yxy). 

Next, after possibly replacing by a slightly smaller domain that still contains 
K in its interior, one can assume that O is a manifold with smooth boundary. 
Then fix a cutofi^ function h G C°°(]HI, [0, 1]) such that h\K = 1 and supp/i C Q, 
i.e. h = near dfl \ dM. Now let u G Lp{^}, X) be given as in the theorem and 
express it in the above coordinates as u = Q o v, where v G L^i^, Y x Y). We 
will show that v satisfies a weak Laplace equation. For all 4> G C°°{n, Y* xY*) 
we introduce V := 0'{{ds + hdt)(j)) G X*) and calculate 

+ 5((J*/iV') = h&{{ds + Iodt)ids + hdM) 

+ {d,h)^lj + dt{hJ*)^lj + h{d,& + J*dtQ')Q'~\'4^). 

If il){s, 0) G ( J(s, 0)T^(,,)/:)-L for all (s, 0) G 91] n OT, then is an admissible 
test function in the given weak estimate for u in the theorem and we obtain, 
denoting all constants by C and using 6*0' = id. 



Jn 



f ( e{v) , h&{{-ds + Iodt){ds + hdt)<f) 
Jn 

u, ds{htlj) + dtiJ*h7p) 



I 

Jn 



+ 



[ {u, {dsh)^p + dt{hr)^ + h{dse' + rdtQ')e' \^)) 

Jn 

< (c„ + C\\u\\LP{n,x)) MLp'{n,x') 

LP{n,x)) W^Ww^-p* (n,Y*xY*)- 

Here we used the fact that J* and 6' as well as their first derivatives and inverses 

are bounded linear operators between Y* x Y* and X*. This inequality then 
holds for all (j) = ((/)i,(/)2) with 0i G C^{n,Y*) and (j)2 G C^{n,Y*) since in 
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that case V' is admissible. Indeed, tp\t=o = 'r)'{dg(pi — dt(p2,0) € {JT^jC)-^ due 
to e'{Y* X {0}) = e'{Io{Y X {0}))^ = {JT^C)^. 

Recall that y C Z is a closed subset of the Banach space Z with the induced 
norm. So one has v £ L^i^, Z x Z). Let tt : Z* ^ Y* he the natural embedding, 
then above inequality holds with = (tt o ■01, tt o ^2) for all G C^{^l,Z*) 
and V2 G C|°(0, Z*). Since ||7r o < llV'ilIz* one then obtains for all such 



L 



n 



<C(c„ + ||«||iP(n,x))l|*| 



Now lemma 2.1 (iii) and (iv) asserts the VF^'^'-regularity of hv and hence one 
obtains v G W^'P{fl, Z x Z) with the estimate 

||^^||ivi.p(i<-,zxx) < ||/i^^||w^i.p(a,zxz) < C{cu + \\u\\LP{n,x) + \\v\\LP{n,zxzy)- 

For the first factor oi Z x Z, this follows from lemma 2.1 (iv), in the second 
factor one uses (iii). Since it was already known that v takes values in F x F 
(almost everywhere), one in fact has v G W^'P{SI, YxY) with the same estimate 
as above. Finally, recall that u = Q o v and use the fact that all derivatives up 
to first order of 9 and 6^^ are bounded to obtain u € W^'P{K,X) with the 
claimed estimate (using again [Wl, Lemma B.8]) 

< C\\v\\w^,p(^K,ZxZ) < C{cu+ \\u\\LP(n,X))■ 
^ 

Proof of corollary 1.4: 

Let u e W'^'P{n,X) and ^ e W'^'°°(n,X*) such that suppi/' C intfi and with 
the boundary conditions u{s,0) G T^(^s)^ and V"(-'',0) G {J{s,0)T^(^g-j£)^ for all 
(s,0) G dil. Then one obtains the weak estimate, where the boundary term 
vanishes, 

( {u,dsi) + dt{J*i))) = f {dsu + jdtu,i))- j {Ju,i)) 

Jn Jn JdnndM 

< \\dsu + Jdtu\\Lv(^n,x)M\Lp' {a,x')- 

This holds for all ip as above, so the estimate follows from theorem 1.3. □ 



3 Weakly flat connections 

In this section we consider the trivial G-bundle over a closed manifold S of 
dimension n > 2. Here G is a compact Lie group with Lie algebra g. We recall 
that is equipped with a Lie bracket [•, •] and a G-invariant inner product ( •, • ) 
that moreover satisfy the relation 
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A (smooth) connection on this bundle is a g-valued 1-form A G r2^(E;g). The 
exterior derivative d^ associated to it is given by d^r/ = dr] + [A Atj] for all g- 
valued differential forms r]. Here the Lie bracket indicates how the values of the 
differential forms arc paired. Now d^i o d/i vanishes if and only if the connection 
is flat, that is its curvature Fa = dA + ^[A A A] vanishes. 

Now fixp > n and consider the space ^°'P(E) = Lp(E, T*^®^) of L^-regular 
connections. Their curvature is not wcUdcfined, but the flatness condition can 
also be formulated weakly: A connection A G ^°'^'(E) is called weakly flat if 

y (A,d*a;-i(-l)"*[AA*a;])=0 G fl'^ {T,; g) . (10) 

For sufficiently regular connections one sees by partial integration that (10) is 
equivalent to the connection being flat. We denote the space of weakly flat 
L^-connections over S by 

A!ti^) ■■= e A^'^iE) I A satisfies (10)}. 
One can check that this space is invariant under the action of the gauge group 

u*A = u-^Au + u-^du VA G -4°'^ (E), m g g^-f (E). 

Note that (10) is welldcfincd forp > 2, but g^-P{T.) and its action on A"'P{T.) are 
only welldcfincd for p > n, see e.g. [Wl, Appendix B]. The next theorem shows 
that the quotient 4{}'^^(E)/^^'P(E) can be identified with the usual moduli space 
of flat connections ^flat(E)/^(E) - smooth flat connections modulo smooth 
gauge transformations. 

Theorem 3.1 For every weakly flat connection A G ^g!^^(E) there exists a 
gauge transformation u G ^^'^(S) such that u*A G Anati^) smooth. 

The proof will be based on the following i^- version of the local slice theorem, 
a proof of which can be found in [Wl, Theorem 8.3]. 

Proposition 3.2 Fix a reference connection A G 4°'^'(E). Then there exists a 
constant d > such that for every A G ^°'^(E) with \\A — A\\p < 5 there exists 
a gauge transformation u G t/^'*'(E) such that 

J {u*A-A,d^T,)=0 Vr/GC°°(E,0). (11) 

Equivalently, one has for v = G Q^'^iYj) 

J^(v*A-A,dAv)=0 V?7GC°°(E,0). 
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The weak flatness together with the weak Coulomb gauge condition (11) form 
an elliptic system, so theorem 3.1 is then a consequence of the regularity the- 
ory for the Laplace operator, or the Hodge decomposition of i^-regular 1-forms. 

Proof of theorem 3.1 : 

Consider a weakly flat connection A e Let 5 > be the constant from 

proposition 3.2 for the reference connection A and choose a smooth connection 
A G A{T,) such that — < 6. Then by proposition 3.2 there exists a gauge 
transformation u G Q^'P{T,) such that 



{u*A-A,d^v)=0 V77eC~(E,fl). 

Now [W2, Lemma A.2] asserts that a := u*A -AG Lp{T,,T*T, g) is in fact 
smooth. (By the definition of Sobolev spaces via coordinate charts it suffices to 
prove the regularity and estimate for a{X), where X G r(TS) is any smooth 
vector field on E. Alternatively to this lemma - a consequence of the regularity 
theory for the Laplace operator one can also deduce the regularity of a directly 
from the regularity of the Hodge decomposition.) This is due to the weak 
equations 

/ (a,dr?) = - / (*[aA*i],7?) Vt? G C°°(S,0), 

/ {a,d*Lj) = - [ {dA+l[u*AAu*A],uj) Vu;G02(S;fl). 

Firstly, the inhomogeneous terms are of class Li, hence the lemma asserts 
VF^'2-regularity of a and u*A. Now if p < 2n, then the Sobolev embedding 
gives -regularity of u*A with pi := 2n-p p = 2n one can choose any 

Pi > 2n). This is iterated to obtain LP' -regularity for the sequence pj+i = 2n-p 
(or any Pj+i > 2n in case pj > 2n) with po — p. One checks that Pj+i > Opj 
with 6 = 2n'~p ^ ^ '^^'^ to p > n. So after finitely many stops this yields W^'''- 
regularity for some q = ^ > n. The same is the case if p > 2n at the beginning. 
Next, if u*A is of class W''''^ for some fc G N, then the inhomogeneous terms 
also are of class W'^''' and the lemma asserts the M^'^+^''-regularity of a and 
hence u*A. Iterating this argument proves the smoothness of u*A = A + a. □ 



Weakly flat connections over a Riemann surface 

Now we consider more closely the special case when S is a Riemann surface. 
Theorem 3.1 shows that the injection ^flat(E)/e(E) ^ A°f^^^{T,)/g^'P{i:) in fact 
is a bijection. These moduli spaces are identified and denoted by M^. Further- 
more, the holonomy induces an injection from M-^ to the space of conjugacy 
classes of homomorphisms from 7ri(S) to G (see e.g. [DK, Proposition 2.2.3]), 

Me := ^■f,(E)/ei'f(E) ^ ^flat(E)/e(E) ^ Hom(7ri(E), G)/ ~ . 
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If G is connected and simply connected, then every G-bundle over a Riemann 
surface is automatically trivial and the holonomy in fact induces a bijection. If 
there exist nontrivial G-bundles with flat connections, then Hom(7ri(S), G)/ ~ 
is identified with the union of the modidi spaces for all such bundles. From this 
one sees that Ms is a finite dimensional singular manifold. 

For G = SU(2) for example, Ms = Hom(7ri(S), SU(2))/ ~ has singularities 
at the product connection and at the further reducible connections * - corre- 
sponding to the connections for which the holonomy group is not SU(2) but 
only {1} or is conjugate to the maximal torus C SU(2). ^ Away from these 
singularities, the dimension of Afs is 6g — 6, where g is the genus of S. (The 
arguments in [DSl, §4] show that Tj^jMs = ker dA/inid^ = h\ has dimension 
3 ■ {2g — 2) at irreducible connections A.) 

For the same reasons, the space of weakly flat connections ^[}'^j(E) is in 
general not a Banach submanifold of ^°'*'(E) but a principal bundle over a 
singular base manifold. To be more precise fix a point z gT, and consider the 
space of based gauge transformations, defined as 

gl'P{E) := {u e a^'P(S) I uiz) = 1} . 

This Lie group acts freely on The quotient space A'^^^{^) / Gl'^ (T,) 

can be identified with Hom(7ri(E), G) (or a subset thereof if there exist non- 
trivial G-bundles over E) via the holonomy based at z. This based holon- 
omy map Pz : ylfl!ft(E) Hom(7ri(E), G) is defined by first choosing a based 
gauge transformation that makes the connection smooth and then computing 
the holonomy around loops based at z. Now Pz gives .4fl!^(E) the structure of a 
principal bundle with fibre ^(E) over the finite dimensional singular manifold 
Hom(7ri(E), G) (or a subset thereof) 

gi-^'(E) ^<-f,(E) ^Hom(^i(E),G). 

Note that this discussion does not require the Riemann surface E to be con- 
nected. Only when fixing a base point for the holonomy map and the based 
gauge transformations one has to adapt the definition. Whenever E = [J^^i E^ 
has several connected components Ej, then 'fixing a point z G E' implicitly 
means that one fixes a point Zi e Ej in each connected component. The group 
of based gauge transformations then becomes 

^i'^(Ur=i ^i) ■■= e gi'f (E) I u{zi) = 1 Vi = 1, . . . ,n} . 



*A connection A G .Aflat (S) is called reducible if its isotropy subgroup of (the group 
of gauge transformations that leave A fixed) is not discrete. 

^The holonomy group of a connection is given by the holonomies of all loops in E. Now the 
isotropy subgroup of 6 (S) of the connection is isomorphic to the centralizer of the holonomy 
group, see [DK, Lemma 4.2.8]. 
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4 Lagrangians in the space of connections 

Consider the trivial G-bundle over a (possibly disconnected) Riemann surface 
E of (total) genus g, where G is a compact Lie group with Lie algebra q. There 
is a gauge invariant symplectic form uj on the space of connections ^'''^(E) for 
p>2 defined as follows. For tangent vectors a,f3 G Lp{T,,T*'E^q) to the affine 
space ^°'P(S) 

uj{a,l3)= JjaAP). (12) 

The action of the infinite dimensional gauge group 5^'^(S) on the symplectic 
Banach space {A^'^{T,),u>) is Hamiltonian with moment map A i— *■ *Fji (more 
precisely, the equivalent weak expression in {W^'^ (S, g))*). So the moduli space 
of flat connections Ms = ^^^^(E)/^! •?'(£) can be viewed as the symplectic quo- 
tient ^°'P(E)//gi'P(S) as was first observed by Atiyah and Bott [AB]. However, 
is not a regular value of the moment map, so Ms is a singular symplectic 
manifold. Due to these singularities at the reducible connections the infinite 
dimensional setting suggests itself. 

Note that for any metric on S the Hodge * operator is an w-compatible 
complex structure since u){-, *■) is the L^-metric: For all a,(3 £ i^(E, T*S q) 

a;(a,*/3) = JjaA*l3) = {a,(3)L^. (13) 

Next, we call a Banach submanifold C C ^"'^(E) Lagrangian if it is isotropic, 
i.e. u>\c = 0, and if TaC is maximal for all A € £ in the following sense: If 
Lo{TAC,a) = {0} for some a G ^°'P(E), then a e T^^C. In general, this condi- 
tion does not imply that C is also totally real with respect to any w-compatible 
complex structure. However, we will only consider Lagrangian submanifolds 
C C .4°'P(E) that are gauge invariant and contained in the space of weakly flat 
connections. These are automatically totally real with respect to the Hodge * 
operator, as lemma 4.2 will show. It is based on the following twisted Hodge 
decomposition. 

Lemma 4.1 Fix a metric on E and let A G ^[J'^j(E). Then 

Lf(E,T*S^fl) = &aW^'P{^,q) © *dAW''P(S,0) © h\, 
with the finite dimensional space h\ = kerd^ n kerd^ C W^''(S,T*E (g) q) for 




Proof: Recall that p > 2, hence AaW'^-'^{T.,q) C L'^{E,T*Y; (g) g) due to the 
Sobolev embedding VK^'^(E) ^ L''(E) for any r < oo. The weak flatness of 
A then implies that dAVF^'^(E,0) and *dAM^^'^(E,g) are L^-orthogonal. The 
orthogonal complement of their direct sum then exactly is h\. (To sec that 
every L^-regular 1-form that is orthogonal to imd^i and to ^imd^ is automat- 
ically T4^^'''-regular, one can use the regularity theory for the Laplace operator 
or the Hodge decomposition, or see e.g. [W2, Lemma A. 2].) Next, note that 
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h\ C LP(E,T*S ® fl) due to the Sobolev embedding W^^''{T.) ^ LP{T.). Now 
the same regularity arguments as above show that the orthogonal decomposition 

i2(I],T*S®fl) = d^W^i'2(E,fl) © *dAW^'\i:,Q) © h\ (14) 

restricts to the claimed decomposition of i^(S, T*E(X)g). Finally, to see that h\ 
is finite dimensional note that it is isomorphic to the cokernel of the operator 
dA e : W'^'P{E,q) X W"i'P(E,g) ^ Lp(S,T*S q). Now this operator is 
a compact perturbation of the Fredholm operator d ® *d, hence its cokernel is 
finite dimensional. □ 



Lemma 4.2 Let C C ^"'^(S) be a Lagrangian submanifold. Suppose that C C 
"^flat(^) '^^^ ^^^^ ^ invariant under the action of Q^'P{Ti). Then L is totally 
real with respect to the Hodge * operator for any metric on E. 

Proof: Pick any A G C and denote L :— T^£. Then we have to show that 
^'^'^'(E) = L (B *L. Firstly, the only element a G L D *L in the intersection is 

a = since *a € * * L = L and thus ||q;||^2 — uj{a, *a) = 0. 

Secondly, to see that the direct sum L(B*L exhausts all of A^'P{T,), assume 
the contrary. Then there exists a nonzero linear functional (j) on ^'''^'(E) that 
vanishes on L(B*L. Due to the gauge invariance of C one has AaW^''p{Yi, q) C i, 
so (fi vanishes in particular on d^VF^'P(E,g) © *d^VK^'*'(E, g). Now recall the 
Hodge decomposition in lemma 4.1 and (14). It implies that </> has to be nonzero 
on h\ and hence can be extended to a nonzero linear functional on ^"'^(E) that 
vanishes on dyiM^^'^(E, g) © *d^VF^'^(E, g). Thus the extended functional can 
be written as </> = ( a, • )i^2 for some a € i^(E, T*E©g). But now the orthogonal 
decomposition (14) implies that a € h\ C ^°'P(E). Now for all /3 € L = Ta£ 
one has 

ij{l3,a) = {a,*l3)L2 = cp{*l3) = 0. 
The Lagrangian property of C then implies that a £ L and hence 

||a|||2 = {a,a)L2 = ^{a) = 0. 

This proves a = in contradiction to the assumption cp'^O. Hence C is indeed 
totally real with respect to the complex structure *, i.e. for all A G £ 

Lf(E,T*E(8>£i) = Ta£©*Ta£. (15) 

□ 

The assumption C C .4[|'j^j(E) directly implies that C is gamge invariant if G 
is connected and simply connected. On the other hand, the gauge invariance of 
£ implies C C -4flj^(E) if the Lie bracket on G is nondegenerate (i.e. the center 
of G is discrete). So for example in the case G = SU(2) both conditions are 
equivalent. We will always assume both conditions. Then moreover, C descends 
to a (singular) submanifold of the (singular) moduli space of flat connections, 

L := £/e^'^(E) C 4'f,(E)/ei'^(E) =: M^. 
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This submanifold is obviously isotropic, i.e. the symplcctic structure induced 
by (12) on Ms vanishes on L. Moreover, its tangent spaces have half of the 
dimension of those of Ms, so i C Ms is a Lagrangian submanifold. Indeed, 
in the Hodge decomposition, lemma 4.1, *dAW^'P{^, q) is the complement of 
kerdA = TA^fl'a^t(S), dAW^'P{E,s) is the tangent space to the orbit of ^^'^(S) 
through A, and so h\ = Tj^jMs. Now compare this with the decomposition 
(15). Here TaC = dAT'K^^P(S, fl) © F, where the complement V C A^^^i^) is 
finite dimensional and V(B*V can replace h\ in the Hodge decomposition. Thus 
T[a]JC. ^ TAC/dAW^'P{Y,,g) ^ V must have half the dimension of h\. 

Moreover, our assumptions on the Lagrangian submanifold ensure that the 
holonomy map pz : C Hom(7ri(S), G) based at z G S is welldefined and in- 
variant under the action of the based gauge group QI'P{T,). (The holonomy map 
and based gauge group are introduced in section 3.) Note that Hom(7ri(S), G) 
naturally embeds into Hom(7ri(S \ {z}), G), which is a smooth manifold diffeo- 
morphic to G^^. This gives Hom(7ri(S), G) a differentiable structure (that is in 
fact independent of z G S), however, it is a manifold with singularities. In the 
following lemma we list some crucial properties of the Lagrangian submanifolds. 
Here we use the notation 

Wi'f(E,0) := G W''P{E,g) I = O} 

for the Lie algebra TtQl'^CS) of the based gauge group. (If E is not connected 
then as before one fixes a base point in each connected component and modifies 
the definition of W^'P{T,,2) accordingly.) Moreover, we will denote the differen- 
tial of a map (j) at a point a; by T^,^ in order to distinguish it from the exterior 
differential on differential forms, d^, associated with a connection A. 

Lemma 4.3 Let C C AP'^lTi) he a Lagrangian submanifold and fix z G S. 
Suppose that C C ^g!fj(I]) and that C is invariant under the action ofQ^'P{12). 
Then the following holds: 

(i) L := jC/QI'P{T,) is a smooth manifold of dimension m = g ■ dimG and 
the holonomy induces a diffeomorphism Pz : L ^ M to a submanifold 

M C Hom(7ri(S),G). 

(a) C has the structure of a principal Ql''''{T,) -bundle over M , 

(Hi) Fix A G £. Then there exists a local section <p : V ^ £ over a neighbour- 
hood V C M"* of such that 0(0) = A and p^o (j) is a diffeomorphism to 
a neighbourhood of p^ {A) . This gives rise to Banach submanifold coordi- 
nates for jC C A^'P{T,), namely a smooth embedding 

e-.W^ ^°'P(S) 

defined on a neighbourhood W C W^'P{'E,g) x x W^'P{Y,,g) x M™ of 
zero by 
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Moreover, if A is smooth, then the local section can be chosen such that 
the image is smooth, (j) : V ^ C D A{T,). Now the same map Q is a 
diffeomorphism between neighbourhoods of zero in W^^'^'(S, g^) x K^™ and 
neighbourhoods of A in A^'^{T,) for all p> 2. 

We postpone the proof and first note that this lemma shows that the La- 
grangian submanifolds considered here all satisfy the crucial assumption for 
theorem 1.2 and 1.3. 

Corollary 4.4 Let £ C A'^'^{T,) be as in lemma 4-3, then it satisfies {Hp), i.e. 
jC is modelled on a closed subspace of an -space. 

Proof of corollary 4.4: 

The bundle structure of C in lemma 4.3 (ii) shows that C is modelled on 

W]'P(I],fl) X R". This is since the Banach manifold ^^'''(E) is modelled on 
W^'^(5],0), which is a closed subspace of W^^'^(S,fl) and thus is isomorphic to 
a closed subspace of L^(S,0^). Now recall example 1.1 to see that C indeed 
satisfies {Hp). □ 

The Banach submanifold charts O in lemma 4.3 (iii) arc essentially the same 
as the charts G in the proof of theorem 1.2. In this special case, we have more 
detailed information on the structure of O, which is the main point in the proof 
of the following approximation result for VF^'^'-connections with Lagrangian 

boundary values. 

Corollary 4.5 Let C C AP'^{T,) be as in lemma 4-3 and let 

O C H := {{s,t) G I t > 0} 

be a compact submanifold. Suppose that A e A^'P{CI x S) satisfies the boundary 
condition 

^lM)xse£ y{s,0)edn. (16) 

Then there exists a sequence of smooth connections A^ € A{fl x E) that satisfy 
(16) and converge to A in the W^'^-norm. 

Proof of corollary 4.5: 

We decompose A = <I>d.s + *dt + B into two functions $, ^ e W^'P{n x E, g) 
and a family of 1-forms B € W^^P{n x S, T*S (g) fl) on E such that B{s, 0) e £ 
for all (s,0) S dCt. Then it suffices to find an approximating sequence for B 
with Lagrangian boundary conditions on a neighbourhood of il n 9IHI. This can 
be patched together with any smooth Vl^^'^'-approximation of B on the rest of 
fl and can be combined with standard approximations of the functions $ and 
\1/ to obtain the required approximation of A. 

So fix any (sojO) G fl 9H and use theorem 3.1 to find Uq € 5^'*'(E) 
such that ^0 := UqB{so,0) is smooth. Lemma 4.3 (in) gives a diffeomorphism 
e : yy ^ V between neighbourhoods W C W^'P{T., q'^) x R^m of zero and 
V C ^°'P(E) of ^0- This was constructed such that C~(E, g"^) x R^"* is mapped 
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to A{^) and such that 6 : W n W^^p{E,2^) x M^m ^ y n ^I'P(S) also is 
a diffeomorphism. Now note that B £ C°{Q, A°'P{T,)). Hence there exists a 
neighbourhood U C fl oi {sq,0) and one can choose a smooth gauge trans- 
formation u e fJ(E) that is VF^'^-close to uq such that u*B{s,t) e V for all 
{s,t) e U. Now we define ^ = : U W^'P{Y.,3^) and v = {vo,vi) : 

U M^m e(C(s,i),^;(s,i)) = u*B{s,t). Recall that B is of class W^^p 
on [7 X E, hence it lies in both ^^^'^(t/, ^O'P(E) and Lp{U,A^'P(E). Thus 
C e VKi'P(C/,W^i'P(E,02))nXP(f/,W2'P(E,fl2)) andu G lVi'P(t/,R2™), and these 
satisfy the boundary conditions ^i|t=o = and ui|t=o = due to the La- 
grangian boundary condition for B. Now there exist G C°°{U x E,g^) and 
v" G C°°{U,R^"') such that T ^ ? and t;'' ^ in all these spaces, C{-,z) = 0, 
^|;'|(^o = 0, and |t=o = 0. (These are constructed with the help of mollifiers as 
in lemma 2.2. One first reflects ^ at the boundary and mollifies it with respect 
to U to obtain approximations in C°° {U,W^'P{'S, g-^ j) with zero boundary val- 
ues. Next, one mollifies on E, and finally one corrects the value at 2;.) It follows 
that B'^{s,t) := {u~^)*Q{(_{s,t),v{s,t)) is a sequence of smooth maps from U 
to A{T,) which satisfies the Lagrangian boundary condition and converges to B 
in the W^'P-noim. 

Now r2n9H is compact, so it is covered by finitely many such neighbourhoods 
Ui on which there exist smooth T^^'P-approximations of B with Lagrangian 
boundary values. These can be patched together in a finite procedure since the 
above construction allows to interpolate in the coordinates between v'^ and 
other smooth approximations v' (arising from approximations of B on an- 
other neighbourhood U' in different coordinates) of ^ and v respectively. This 
gives the required approximation of B in a neighbourhood of O fl 91HI and thus 
finishes the proof. □ 



Proof of lemma 4.3: 

Fix A £ C and consider the following two decompositions: 

LP{E,T*E^q) = TaC®*TaC (17) 

= dAW^'f (E,fl) e *dAWi'f (E,fl) e hA. 

The first direct sum is due to lemma 4.2. In the second decomposition, Jia is a 
complement of the image of the following Fredholm operator: 

. T^i'f(E,0)xM/i'f(E,0) ^ if(E,T*E®0) 

To see that Da is Fredholm note that for every A G ^[|'^j(E) the operator Da is 
injective and is a compact perturbation of Dq- Hence the dimension of coker Da 
(and thus of Jia) is the same as that of coker £>o- In the case A = one can 
choose the space of g-valued harmonic 1-forms = kerdnkerd* as complement 
ho. So Ha must always have the dimension dim/i^ = dim/i^ = 2g-d\TaG = 2m. 
(Note that in general one can choose Jia to contain h^, but this might not 
exhaust the whole complement.) 
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Due to the t7^'''(E)-invariance of L the sphttings (17) now imply that there 
exists an m-dimensional subspace La C Iia such that 

TA/: = dAl^i>f(E,fl)©L^. 

So T^>C is isomorphic to the Banach space W^'''(5], g) x via ©-F for some 
isomorphism F : M™ ^ L^. Here we have used the fact that d^ is injective 
when restricted to Wl^'^iY,,^. Now choose a coordinate chart $ : T^^C — > L 
defined near <I>(0) = A, then the foUowing map is defined for a suHiciently small 
neighbourhood y c M"* of 0, 

I — > M*($o (To$)-i oF(u)). 

We will show that this is an embedding and a submersion (and thus a diffeomor- 
phism to its image). Firstly, T(]i^o)* '■ {^-iW) ^ + Fw is an isomorphism. 
Next, note that ^'(■u, v) = m*^'(1, v) and use this to calculate for all u e ^^'^(^)> 
i G W;,i'P(E,fi), and v,w ^W^ 

T(„_„)* : (^M,«;) H^u-i(d^>(ii,„)^ + T(i,„)*(0,w))u. 

One sees that u(T(„ „)^')u~^ is a small perturbation of T(j g)^) hence one can 

choose V sufficiently small (independently of u) such that T(„ „)4' also is an 
isomorphism for all ii £ So it remains to check that ^' in fact is globally 
injective. 

Suppose that e Q\:'^{X') and e V such that ^{u, v) = 'ii{u',v'). 
Rewrite this as ^1/(1, v) = \l/({t, v') with u := u'u~^ G ^^'^(S). Now by the choice 
of a sufficiently small V the norm ||^(1, w) — ^'(1, u')||p can be made arbitrarily 
small. Then the identity ^'(1, w) — u*'i'{l,v') automatically implies that u is 
C°-close to 1. (Otherwise one would find a sequence of L^-connections A'^ ^ A 
and u'' G Gl'Pi^) such that \\u''*A'' - A^Wp ^ but dcoiu",!) > A > 0. 
However, from (u'^)^^du'' = * A" — {v}^)^^ A'-' u'^ one obtains an L^'-bound on 
duy and thus finds a weakly W^^'J'-convergent subsequence of the uy . Its limit 
u G ^^'^(E) would have to satisfy u*A = A, hence m = 1 in contradiction to 
dco{u, 1) > A > 0.) So one can write u = exp(^) where ^ G W^'^CSjO) is small 
in the L°°-norm. Next, the identity 

v.-'^du = *(1, v) - {i-^*(l, v')u 

shows that || Clival. p will be small if V is small (and thus u is C°-close to 1). 
Hence if V is sufficiently small, then {u,v') and {t,v) automatically lie in a 
neighbourhood of (1, 0) on which ^ is injective, and hence u = u' and v = v'. 

We have thus shown that '5 : QI'P{T,) x F ^ £ is a diffeomorphism to 
its image. This provides manifold charts tp : V ^ £/Gl'^{'S), v i— > [\E'(1, ?;)] for 
L := jC/QI'^CS). Now fix 2g generators of the fundamental group 7ri(S) based at 
z, then the corresponding holonomy map ; L ^ G x ■ • • x G is an embedding, 
so its image M C Hom(7ri(S), G) is a smooth submanifold. This proves (i). 
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For (ii) the diffeomorphism gives a bundle chart over U := pzii^iY)) C M, 
namely 

* o (id X o : a^P(S) C. 

Furthermore, the local section for (iii) is given by 4>(v) :— ^'(1, w). However, 
this is a map : ^ £; it docs not necessarily take values in the smooth 
connections. Now if A G £ n is smooth, then for a sufficiently small 

neighbourhood V this section can be modified by gauge transformations such 
that (\) -.V ^ Lr\ ^(S). To sec this, note that the gauge transformations in 
the local slice theorem are given by an implicit function theorem: One solves 
D{v,i) = for ^ = i{v) e Wi'P(S,fl) with the following operator: 

yxWi'P(S,fl) imd'^ C (W^i'P*(S,fl))* 

Here d^ denotes the dual operator of d^ on W^''' One has D{0,0) = 

and checks that 92-D(0,0) : ^ — » d^dA^ is a surjective map to imd^, see e.g. 
[Wl, Lemma 8.5]. The implicit function theorem [L, XIV, Theorem 2.1] then 
gives the required gauge transformations exp(^(?;)) G ^^'^(S) that bring <p{v) 
into local Coulomb gauge and thus make it smooth. (By construction <j){v) is 
weakly flat, then see the proof of theorem 3.1.) This modification by gauge 
transformations however does not affect the topological direct sum decomposi- 
tion TaC = dAW}^P{T,,Q) © imTo?;i. 

To see that the given map 9 is a diffeomorphism between neighbourhoods 
of and A just note that the inverse of TqO is given by the splitting 

LP(S, T*S (g) fl) = TaC © *TaC 

= dAWi'f (S,fl) © imTo</> © *dAWi'P(S,fl) © *imTo</> 
composed with the inverses of dA|^y^^i,P(j] g) and Tq^. □ 

Now observe that the choice of p > 2 for the Lagrangian submanifolds in 
the above lemma is accidental. All connections A € £ are gauge equivalent 
to a smooth connection, and the L'-completion of £ fl A{T,) is a Lagrangian 
submanifold in ^"■''(E) for all q > 2. In fact, this simply is the restricted 
(g > p) or completed {q < p) 5^''^(S)-bundle over M. 

The main example 

Suppose that G is connected and simply connected and that S = dY is the 
bomidary of a handlebody Y . (Again, the handlebody and thus its boundary 
might consist of several connected components.) This together with the fact 
that 7r2(G) = for any Lie group G (see e.g. [B, Proposition 7.5]) ensures that 
the gauge group Q^'P{T,) is connected and that every gauge transformation on 
E can be extended to Y. 

Let p > 2 and let Cy be the L^'(E)-closure of the set of smooth fiat connec- 
tions on E that can be extended to a flat connection on Y, 

Cy := cl {A e ^flat(S) I 3i e Afi^tiY) : Ajs = A} c (E). 
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This is an example of a totally real submanifold of (^°'''(E,g), *) that satisfies 
the assumption of theorem 1.2 and 1.3. This is due to the lemmata 4.2 and 4.3 
and the following properties of Cy- 

Lemma 4.6 

{%) Cy = {u*{A\^) I A e ^flat(r),u e g^P{Y.)] 

(a) Cy C A'^'^iTj) is a Lagrangian submanifold. 

(Hi) Cy C -42'^j(S) and Cy is invariant under the action of g^'P{T,). 

(iv) Fix any z G S. Then 

Cy = {A€ ^-^tCS) I p^{A) e Hom(7ri(F),G) C Hom(7ri(E), G)}. 

So Cy obtains the structure of a Ql'P{T,)-bundle over the g-fold product 
M = G X • • • X G Hom(7ri (F), G),' 

gi'f(E) ^Cy^ Hom(7ri(y),G). 

Proof: Firstly, Cy C >lg'j^(S) follows from the fact that weak flatness is an 

L^'-closcd condition for p > 2. The holonomy : .4|J'^j(E) G x • • • x G 
is continuous with respect to the L^-topology. Thus for every A G Cy the 
holonomy vanishes on those loops in E that are contractible in Y . On the other 
hand, in view of theorem 3.1, every A G ^^^^^.(S) whose holonomy descends 
to Hom(7ri(F), G) can be written as A = u*A, where u G Ql'^ill) and the 
holonomy of ^ G .Aflat (S) also vanishes along the loops that are contractible in 
Y . Thus A can be extended to a flat connection on Y and smooth approximation 
of u proves that A G Cy ■ This proves the alternative definitions of Cy in (iv) 
and (i). Then (iii) is a consequence of (i). 

To prove the second assertion in (iv) we explicitly construct local sections 
of Cy- Let the loops ai, Pi, . . . ,ag, Pg C S be disjoint from z and represent 
the standard generators of 7ri(S) such that ai,. . . ,ag generate tt\{Y) and such 
that the only nonzero intersections are ai H /Si. One can then modify the a, 
such that they run through z but still do not intersect the (3j for j ^ i. ^ Now 
fix A G Cy- In order to change its holonomy along aj by some g G G close to 
1, one gauge transforms A in a small neighbourhood of f3i in E with a smooth 
gauge transformation that equals 1 and g respectively near the two boundary 
components of that ring about /3i. That way one obtains a smooth local section 
(j) : V ^ Cy defined on a neighbourhood C of 0, such that 0(0) ~ A and 
pz o (j) : V ^ Hom(7ri(F), G) is a bijection onto a neighbourhood of pz{A). This 
leads to a bundle chart 

^. gl'P{^)xV Cy 

{u,v) I — > U*(j){v). 

^7ri(S) is the quotient of the free group generated by elements ai, /Si, . . . ,ag, /3g by the 
relation ai/Sia'^^ f5^^ . . . agfSgag^ Pg^ = 1, whereas 7ri(y) is the free group generated by 
ai,. . . ,ag. 
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Note that for smooth A G Cy H .4(E) the local section (p constructed above 
in fact is a section in the smooth part Cy n A{T,) of the Lagrangian. Using 
these bundle charts one also checks that Cy C A^'P{T,) is indeed a Banach 
submanifold. Now a submanifold chart near '^(u,v) G .4'''^(E) is given by 
{^,w) \l/(exp(^)u, + w) + *T(„_^)\l/(^, w). As in lemma 4.3 one checks that 
this is a local diffeomorphism. 

To verify the Lagrangian condition it suffices to consider lo on T/i.4*''^(E) 
for smooth A G Cy. This is because both u and Cy are invariant under the 
gauge action. So we pick some A G Cy fl A{T,) and find A G Anat (Y) such 
that A = A\j2- Let a,/3€ TACy. then by the characterization of Cy in (i) 
we find C,C e W^'V{T.,q) and paths i",!'^ : [-1,1] ^ Afi^t{Y) such that 
i«(0) = Al^{Q) = A and 

Now firstly Stokes' theorem on E with 9E = proves 




Here we have used smooth M^^'^-approximations ^'^ and C of ^ and ( respec- 
tively. 

Similarly, one obtains uj{dA^, ■^A'^\s) = and a;(g^A"|E, d^C) = since 
dA(^i"lE) = Ij, = 0. Finally, Stokes' theorem with dV = ^ yields due 

to F^^ = for all s 

u;{a,P) = [ (Ai-I^A^i/^b) = / d(^i«A£i'^) 

= J^i ^sFa^ a ) _ A Af^, ) = 0. 

This proves that UJ\^^J^CY = " recalling (13) one moreover sees that TACy 
and *TACy are L^-orthogonal. In fact, we even have the topological decom- 
position LP(E, T*E (g) g) = TACy © *T^£y, and this proves the Lagrangian 
property of Cy. To see that this direct sum indeed exhausts the whole space 
consider the Hodge type decomposition as in the proof of lemma 4.3, 

(E,T*E ® 0) = dAWi'P(S,fl) e *dAWi'P(S,fl) e hA. 

Here we have dimJiA = ■ dimG, and we have already seen that Cy is 
a Ql'P (Y^)-h\md\c over the (17 • dim G)-dimensional manifold Hom(7ri(y), G). 
So dAW^'P{T,,Q) C TACy is the tangent space to the fibre through A, and 
then for dimensional reasons TACy ® *TACy also exhausts Jia and thus all of 
LP(E,T*Si8)fl). □ 
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